Faster technological change does not necessarily widen wage inequality. This occurs only if technical progress takes the form of product improvements. Conversely, cost-reducing innovation favors a reduction in inequality. This novel result is obtained in a theoretical framework in which individuals can choose both the quality of the equipment and the retooling time.
Introduction
Since the end of World War II, wage inequality has increased in the United States. The rise was particularly pronounced in the 1980s and continued its upward trend until the early 1990s, 1 after which it seems to have stabilized at a higher level. 2 There is a widespread view that the technological developments of the last quarter of a century, and especially the dissemination of computers and related technologies, are largely responsible for such increase in inequality. 3 Surprisingly, the literature has largely neglected to study the consequences with respect to this issue of a well known aspect of the microelectronics revolution: The rapid decline of the equipment's price. In this paper I will suggest that once this fact is properly considered, today's high income dispersion can hardly be attributed to the spread of computers.
Technical progress is an elusive factor. The recent endogenous growth literature sees the expansion of the economy as driven by a sequence of quality improving innovations generated from research activity. 4 But before the renewed interest in the Schumpeterian scholarship and the new contributions on profit-driven innovation, the economic analysis was more prone to study process innovation, to the point that Rosenberg at the end of the 1970s stated that " [T] he great bulk of the writing by economists on the subject of technological change -both theoretical and empirical -treats the phenomenon as if it were solely cost-reducing in nature..." (Rosenberg, Ch. 1, 1982 5 p. [3] [4] .
The special attention to process innovation was partly motivated by industry evidence that the direct labor cost of producing one unit of output declined with the number units produced. An example of cost-reduction innovation particularly relevant for the analysis of this paper was documented by Irwin and Klenow [1994] :
"The most prominent 'stylized fact' about the semiconductor industry is that unit costs fall significantly as production experience (cumulative output) rises. ... For example early in the product cycle of a semiconductor, as much has 90 percent of output is flawed or non functioning and must be discarded; once greater production experience has been acquired, this failure rate can fall under 10 percent." (Irwin and Klenow, 1994: 1203) .
This distinction between quality-improving and cost-reduction innovations is, of course, a simplification of reality, for in practice it is usually hard to classify a given innovation as being of one type or the other. Kuznets's observation 6 is of some help in this matter: A new machinery usually reduces the adopter's production costs, and so, from this perspective, is process innovation, but it is clearly a product innovation from the point of view of the supplier. I take the perspective of the capital good producer. For instance, the cost-savings of a given generation of memory-chips is process innovation whereas the development of a new generation of memory chips is product innovation. More specifically, I investigate the rise of inequality in an economy in which innovation either enhances the equipment's quality or causes a decline of the equipment's price, thanks to cost-saving innovations achieved in circumstances in which the productive facilities and the product remain unchanged. 7 The aim of this work is simply to show that an acceleration in one type of innovation leads to a variation of income inequality in the opposite direction than an acceleration in the other type of innovation. To obtain some intuition for this finding consider a scenario in which a worker's productivity depends only on his skills and on the quality of the equipment he uses. If two individuals are endowed with the same technology, their productivity would differ only in relation to their skill differential. But if choice is permitted, it is unlikely that they would select exactly the same technology. The individual with higher skills is likely to pick a better and more expensive technology than the other individual, because he expects larger benefits from it. Hence, there exists a mechanism that magnifies the productivity disparity between two individuals. The story becomes more interesting -and unfortunately more complex -if the economy is disturbed by a change in the progression at which the price of equipment falls. How does this technological shock affect the choices of the two individuals? It is useful to think about two markets where the price falls at different rates: computers and cars. There is a very thin market, if any, for used computers, and the new computers traded tend to be of recent models. As for cars, there is an extensive market for older models and a quite developed one for used cars. Since computers are at least as reliable as cars, the rapid disappearance of early models from the market can only be explained by obsolescence and not by physical depreciation. As Gordon Moore put it:
"If the automobile industry advanced as rapidly as the semiconductor industry, a Rolls Royce would get a half million miles per gallon, and it would be cheaper to throw it away than to park it." Gordon Moore
[1998], quoted by Dale W. Jorgenson. 8 This example suggests that the variation in equipment's quality is small in an economy where the equipment's price declines quickly, and consequently the productivity differentials of individuals with different level of skills is also small.
The main concern of this paper is to formalize this argument and to show that a faster price reduction induces firms with different levels of human capital to adopt more similar technologies. Although the main insights are obtained at the firm's level, I also study the behavior of the economy on the balanced growth path, and illustrate some aspects of the transitional dynamics when the economy is perturbed by a sudden change in the process or product innovation rate.
This work is closely related to two streams of literature: One is best known as the Skill-Biased Technological Change (SBTC) literature, and the other is the technological adoption literature. A central tenet of the SBTC literature is that capital and skills are complementary. 9 Because of this feature of the mode of production, the dissemination of computers would have generated a larger premia in favor of the better skilled workers. 10 This literature, however, ignores the firm's choice of the equipment's quality and, as a result, cannot address how the price decline of capital might spread of microelectronics. Indeed, Goldin and Katz [1998] argue that the diffusion of innovations of the early decades of the 20th century, such as the batch and continuous-process practice, increased the demand for skilled workers as well. 10 This work is also related to the tradition of explaining technological change as a specific response to some economic circumstances, a point made especially in Schmookler's writings, and recently revived by Acemoglu [1998] . Similarly, I put at the center-stage the demand for technology and relate it to skill heterogeneity, although I keep an agnostic position on the nature of the creative process itself -it might be driven by learning by doing or be the result of intentional R&D efforts.
The plan of the paper is as follows. The next section presents the basic argument using extensively graphical analysis. The full model is described in section 3. In section 4 the features of the economy on the balanced growth path are discussed. Section 5 illustrates some aspects of the transitional dynamics when the economy is disturbed by a sudden change in the rate of innovation or in the endowment of skills. Section 6 concludes with some future directions and extensions.
Summary of the argument
[T]he "best method" of producing in the theoretical sense is to be conceived as "the most advantageous among the methods which have been empirically tested and become familiar." But it is not the "best" of the methods "possible" at the time. -Schumpeter, 1983 -Schumpeter, (1934 , p. 83 (quotes in the original text).
An intuitive explanation of the consequences of product and process innovation on the adopter's outlays
In this section, I use graphical analysis to introduce the argument of why the distinction between product and process innovation is so crucial to study inequality, in a context where product innovation enhances the quality of a durable good employed in the production of a final output, whereas process innovation drives its price down. The B 0 B 1 curve in Fig.(1) plots an hypothetical price schedule per unit of quality of one piece of equipment (for instance one computer) for the range of available technologies at period t, contained in the interval [a t , A t ], where A t is the quality of the state-of-the-art technology (or frontier technology) time t, and a t is the lowest quality available on the market. With the passage 11 One of the earlier works in this literature is Zeckhauser [1968] that describes the problem of a craftsman who has to decide when to retool. More recently Parente [1994] has developed a general equilibrium model of endogenous growth in which agents choose jointly the frequency of replacement and the quality of the technology. In Cooley, Greenwood and Yorukoglu [1997] and Jovanovic and Rob [1997] the decision to replace old technologies is also modeled explicitly, although in neither work the choice of the quality of equipment is fully explored. Figure 1: Price Schedule of time, the menu of technologies changes; the frontier technology expands exogenously at a rate γ, and some of the the older technologies exit the market. Furthermore, the price of a given technology drops from one period to another, a fact captured by the vertical distance between the two curves in Fig. (1) . How does the initial price of an improved good relate to that observed in the previous period? Irwin and Klenow [1994] determined that the experience accumulated with the production of the 4K DRAM (Dynamic Random Access Memory) was partially transferred to the 16K production, although these intergenerational spillovers were found only for 2 out of 7 DRAM generations that they studied. On the other side, newly introduced goods might command a higher price, if for instance the degree of substitutability with existing products is lower than that between new products introduced in the previous period and the then-existing products. To ease the analysis, I set aside this issue and simply assume that the initial price is constant across generations and equal top.
Imagine that two individuals, to whom I will refer as L and H, live in an economy where the equipment price schedule is B 0 B 1 of Fig. (2) , and decide to pick a technology of quality a L = 12 and a H = 20, respectively. What is the incremental cost of selecting a technology whose quality is better by one unit than the original choice? By inspecting the graph we learn that the outlays would rise by an amountp − p H,o , and p L,n − p L,o , for H and L respectively (the letter o and n that appear in the index refer to 'original' and 'new' choice -or 'obsolete' and 'newer' technology). Clearly, it is more costly for H to move to a better technology than it is for L. But the interesting 
for H and L, respectively. Notice that if the two individuals move to an economy where the equipment price schedule is steeper, individual H 0 s cost for getting an equipment of better quality increases, while that faced by L declines. This observation can be restated in algebraic terms by noticing thatp
Conclusion 1 An acceleration of the price-cutting innovation increases (reduces) the cost of choosing an equipment of higher quality if the initial choice was close to (away from) the quality of the frontier technology, A.
The reader might wonder whether the outcome depends on the particular initial choices used in the example. It does. The inequality
switches sign if the L 0 s original choice moves close enough to the frontier. Nevertheless, as long as the L 0 s original choice is below H 0 s, that is as long as a L < a H , it is still true that a steepening of the price schedule drives up H 0 s cost (of obtaining one more unit of quality) by more than it does L 0 s. 12 Before investigating the determinants of the initial choices I want to notice that an exercise can be carried out also on the effects of an acceleration of product innovation, that is, an increase in 12 Formally,
the rate of expansion of the technological frontier, γ. Interestingly, the steeper curve in Fig. (2) now represents the economy with a low rate of product innovation: As γ rises the price schedule becomes flatter. Intuitively, if the equipment's quality improves more rapidly, there is a shorter time-window for the price reduction to take effect. Therefore, Conclusion 2 An acceleration of product innovation reduces (increases) the cost of choosing an equipment of higher quality if the initial choice was close to (away from) the quality of the frontier technology, A.
It remains to be seen how the cost variations caused by a steepening of the price schedule affect the individuals' choices of the equipment's quality.
The adoption decision
An entrepreneur can operate only one technology at a time and is endowed with one unit of labor. Thus, the per capita stock of capital can be expanded only by adopting a piece of equipment of higher quality. For the time being I take the retooling time, T , as given, and rather focus the attention on how the firm's choice of the quality depends on human capital. 13 The flow of output, y, of a firm run by an individual with a level of skills h who employs one piece of equipment of quality a is y = ah.
Once the equipment is purchased, its quality remains constant; there is no accumulation of skills either, so that output remains constant if there is no retooling. The equipment stays in place for T years at the end of which it is scrapped and replaced immediately with a new one. If the firm is about to upgrade, its net value is equal to
where a i , with i = 1, 2, ..., is the quality of the technology chosen at the i − th replacement; R(0, t) = R t 0 r v dv stands for the discount factor from time 0 to t, and r v is the instantaneous interest rate at time v. Finally, p t (a) denotes the price of quality a at time t. The previous expression describes the firm's value as the difference between the discounted future stream of revenues, captured by the sum of the values of the integrals, minus the periodic investment outlays, appropriately discounted. How does the entrepreneur choose the sequence {a i } i=1,2,... to maximize the firm's net value? This problem is greatly simplified if the quality of the technology chosen at any given future replacement is expressed as a function of the quality of the then-frontier technology. Since the quality of frontier technology improves at rate γ, choosing, for instance, a 1 is equivalent to picking a technology of age s 1 , where s 1 satisfies a 1 exp(s 1 ) = A 0 . Similarly, if the price drops at rate δ, then p 0 (a 1 ) =p exp(−δs 1 ). In light of these two observations the entrepreneur's problem is to find a sequence of 'ages' {s i } i=1,2... , that maximizes the value of
under the constraints that s i must be non negative for i = 1, 2.... The first-order conditions with respect to s i are γe
where
The above equation simply says that, at the optimum, the marginal benefit of choosing a more recent technology, given by the higher revenues realized during the T −period in which the equipment is in operation -the left-hand side of the equation, is equal to the marginal cost, represented by the price increment of the equipment -the right-hand side of the equation. Conveniently, the propriety that both the revenue and the cost functions are linear with respect to A t , implies that the solution to the age problem is the same for each T −period, that is S = s 1 = s 2 = ..., where S denotes the solution.
We are now in a position to answer the question that was left open at the end of the previous section: Would a steeper price schedule caused by a rise in δ induce the firm to choose a younger or an older vintage? The answer depends on the initial choice, that made before the news about the acceleration in price decline becomes known. But the initial choice, in turn, depends on the firm's endowment of human capital. By using Eq. (2), it is easy to establish that the firm with a low level of human capital (h = L) picks a more obsolete technology than the one chosen by a firm with a high level of human capital (h = H). The two dashed lines of Here we find an additional MC schedule associated with a higher δ, which lies below the original one for low values of z(h) and above it for high values of z(h). From section (2.1) we know why this happens: in an economy with a steeper price schedule it is more expensive to adopt a technology of higher quality if the initial choice is close to the frontier, and less expensive if it is very far away from it. We now learn that the changing shape of the MC schedule alters the two firms' optimal choices in quite a surprising way: the new selections z 0 (H) and z 0 (L), are closer to each other than the initial ones, z(H) and z(L). Given the importance of this result I summarize it as follows:
Conclusion 3 An acceleration of price-cutting innovation reduces the variation in the equipment's quality used by individuals with different level of skills.
Section IV explores more in details under which circumstances the optimal age, S, is positive (and thus z(h) < 1). It will be also shown that the quality' s gap shrinks as a result of a more rapid price decline, as long as the initial optimal age is positive for at least one firm. I wish now 
MB (H) Figure 4 : Acceleration of Technological Frontier to explain the case of an acceleration of quality improvement, because here we found an additional force that affects the technological gap between the two firms. First of all, the MC curve becomes flatter, a property that can be derived from the price schedule in Fig. ( 2) was less steep with a high γ. If the MB curves were unaffected by a change in γ, one would easily conclude that the quality gap widens. But Fig. (4) suggests that product innovation affects the MB curves as well: they are getting further apart from each other, making the technological gap even larger.
Conclusion 4
An acceleration of quality improving innovation widens the variation in the equipment's quality used by individuals with different level of skills.
Discussion
How do the previous two conclusions relate to the SBTC's argument? I will answer this question having in mind the so called acceleration hypothesis, which argues that the technical developments of the postwar period have caused the demand for skills to rise rapidly, more rapidly than the supply of skills. The exposition offered in section 2.1 does contemplate this scenario: The MB curves of Fig. (4) open up when there is an acceleration of product innovation, which leads to a larger disparity between individuals with different level of skills. Indeed, one part of the analysis reinforces the hypothesis because it uncovered an additional mechanism that causes the dispersion to increasecaptured by the changing shape of the MC curve in Fig. (4) . However the SBTC' argument breaks down when the acceleration of technical changes are driven by cost-cutting innovation, as shown in Fig. (3) . The SBTC literature assumes some complementarity between skilled and unskilled workers, while, implicitly, I assume that there is perfect substitution between the output that they produce. Is this responsible for getting generating different results? I think it is helpful to elaborate on this point more formally. Imagine that the economy produces according to a constant elasticity of substitution (CES) production function
where Y is final output, Y l and Y h denote the two intermediate goods, produced with the aid of unskilled and skilled workers, respectively, and that σ -positive and different than one-is the elasticity of substitution between the two types of goods. The index B represents the Hicks-neutral technological change, and α measures the relative productivity of the intermediate good produced with skilled labor. The technologies to produce the two intermediate inputs are given by:
where A l and A h are factor-augmenting technological terms, L and H are the number of unskilled and skilled workers, 0 < β < 1, and h > 1 is the level of human capital of skilled workers (h = 1 for unskilled workers). An increase in A h /A l or α is skill-biased technological change (see Johnson [1997] ). Clearly as σ → +∞ the two intermediate inputs become perfect substitutes. What are the consequences with respect to inequality of assuming a large value for σ? In short, the higher σ, the heavier the weight attributed to the 'demand forces' to explain the behavior of the wage premium. In appendix I it is shown that if producers hire workers on a competitive market, the growth rate of the relative demand for skills is given by
where g z denotes the growth rate of the variable z, with z ∈ {ω, b, x}, and where ω ≡
, and x ≡ H/L. According to this equation the changes in the relative supply of skills affects less and less the growth rate of the skill premium as σ gets larger and larger. Specifically, for σ → +∞, g ω = g b . In other words, the assumption of a large elasticity of substitution is equivalent to explaining the wage premium only by looking at demand forces. Little agreement exists on what is the most appropriate value for σ. In many empirical studies on skill premia it ranges between 1 and 4, with 1.4 being probably the most popular choice, so that movements of both demand and supply of skills can play some role. 14 Although the assumption of a large σ is inappropriate if the objective is to quantify the exact contribution of the demand and supply of skills on the behavior of skill premia, it turns out to be a convenient one if one's objective is to investigate the role played by the demand for skills. The theory that I present aims indeed at explaining the behavior of g b , usually considered a residual by the SBTC literature. An exception is the original contribution by Acemoglu [1998] where the behavior of b depends on how the R&D sector allocates resources between technologies that are targeted to a specific type of individual. Acemoglu argues that the growing force of skilled workers induced innovators to divert their efforts towards the development of sophisticated technologies, which would explain the increase in the technological bias. This work does not deal explicitly with the creative process, yet the determination of the technological bias is similar, as it is driven by the demand side of the market.
The model
This section describes a model of technology adoption and shows more details in the link between wage inequality and innovation, allowing the firm to choose the equipment's quality and the replacement time jointly. 15 The economy is populated by a large number of infinitely lived agents of measure one, each of which is endowed with an amount of human capital 0 ≤ h ≤h with both h andh belonging to R + . Each individual runs a firm that produces final output according to
where a ∈ R + is an index for the quality of capital, and φ(h) is an increasing function (not necessarily differentiable). Notice that the production function exhibits increasing returns to scale in a and h. However, the restriction that a firm can use only one unit of capital prevents the occurrence of mergers. At each point in time a firm may decide to replace its current equipment with one of quality a 0 ≤ A, where A ∈ R + is the best technology available, and grows at an exogenous rate γ. The replacement costs
in units of output, where p s (a 0 ) is the price of technology a 0 when of age s. The price declines at rate δ, so that
wherep is the price of technology a 0 when newly introduced, and s(a 0 ) is the age of technology a 0 . The optimization problem of a firm with expertise h that uses technology a at time t, when A is the frontier technology, is 
The interior solution
The first-order conditions with respect to τ and s 0 lead respectively to
and
The left side of Eq. (9) is the marginal benefit (in current value) of delaying the introduction of a new technology. On the right side of the equation, the terms in the first bracket, counting from the equality sign, premultiplied by the interest rate, represent the marginal cost of postponing the introduction of the innovation, expressed as the forgone interest income of an asset equal to the difference between the firm's value after retooling and the cost of retooling. The two terms contained in the last term in square brackets accounts for the forgone 'capital gain' of such an asset.
. Therefore, Eq. (9) can be written more conveniently as
where I have used the fact that ∂(p 0 ·a 0 ) ∂τ = γp 0 a 0 . Eq. (10) has an easier interpretation. The quality of the new technology must be chosen so that the saving-costs of choosing a marginally older technology (δp 0 a 0 + γa 0 p 0 ) is equal to the forgone revenues of using an older technology
. By using the Envelope Theorem one determines that the forgone revenue is φ(h) 
I focus on a steady state situation in which the firm chooses always a technology of the same age, S, replaces it at constant intervals T , and the interest rate is constant: r v = r for every v. It is easier to evaluate the decision problem just before replacement, when τ = 0, τ 0 = T , and s 0 = S, as the two first-order conditions (11) and (12) and the value function (8) form as a system of three equations and three unknowns. In appendix II it is shown that the two equations characterizing the optimal solutions are
By taking logs Eq. (14) -which is the same as Eq. (2) if φ(h) = h -can be rearranged as
The replacement time
Eq. (13) implies that the optimal replacement time depends neither onp nor on h. How is T affected by changes in the pace of innovation?
Claim 1 In the interior solution (S > 0) T is decreasing in δ and, for a large range of parameters, it is also decreasing in γ.
Proof. Appendix III.A shows that T is decreasing in δ. The proof about the dependence of T from γ is more convoluted and I will simply use a graphical illustration. The continuous descending curve in Fig. (5) illustrates the first part of the previous claim: For a given optimal age S, a faster price decline lowers the retooling cost, and this induces more frequent replacements. The second part of it can be grasped by noticing that a decline of the rate of product improvement causes a right shift of the curve; that is, for a given δ a deceleration of product innovation leads to a higher replacement time. Intuitively, in an economy where product improvements are slow it takes more time to fall behind the technological frontier, and consequently firms will stay with the same technology for a relatively longer period.
The optimal age
How does the optimal choice of the equipment's quality respond to variations in δ and γ? Fig.  (6) shows two panels, each containing a graph in which a transformation of h, that is φ(h)/rp, is plotted against the technological index z ≡ a/A. The left panel (A) proposes two plots to show the locus of the optimal distance from the frontier, z, chosen by individuals with different levels of skills under the circumstance of a high and low δ. It can be noticed that an acceleration of process innovation causes such a locus of points to rotate counter-clockwise. As a result, for low values of z (which are chosen by relatively unskilled individuals) an acceleration of process innovation induces individuals to revise their choices and adopt technologies whose quality is closer to the frontier. Conversely, for high values of z, the revision is done in the sense of adopting a relatively more obsolete technology. The right panel (B) shows quite the opposite outcome when the acceleration concerns product innovation: the locus of points rotates clockwise, and the less skilled individuals adopt more obsolete technologies, while the most skilled purchase equipment of a quality more similar to that of the state-of-the-art technology.
Next two propositions restate more formally these two results.
Proposition 1 An acceleration of process innovation leads all individuals who had originally chosen an obsolete technology (S > 0) to revise their choices, except for a 'pivotal individual' whose level of skills is h * (defined below). In particular, someone more (less) skilled than the pivotal individual will react by selecting a technology of a quality which is further away from (closer to) the frontier technology. The level of h * is given by
Proof. See Appendix III.B.
Proposition 2 An acceleration of product innovation leads all individuals who had originally chosen an obsolete technology (S > 0) to revise their choices, except for a 'pivotal individual' whose level of skills is h * * (defined below). In particular, someone more (less) skilled than the pivotal individual will react by selecting a technology of a quality which is closer to (further away from) the frontier technology. The level of h * * is given by
Proof. See Appendix III.C.
The corner solution 4.2.1 The threshold
Highly skilled individuals would like to purchase very high-quality technologies. But none can do any better than adopting a technology of quality A (or S = 0) at pricep. For these people condition (36) becomes an inequalityp
(1 − e −rT ).
Thus the corner solution occurs for values of h >ĥ wherê
with T i (δ) denoting the optimal replacement time when S > 0, for a given value of δ (recall that T i (δ) does not depend on h for all h <ĥ).
Claim 2ĥ(δ, γ) is increasing in δ and, for a wide range of values of δ and γ, it is decreasing in γ.
Proof. I prove only the first part of the statement. Since φ −1 (.) is an increasing function, we need only to establish that the ratio
is increasing in δ. This is evident for the numerator. The denominator is increasing in T i (δ), which in turn is decreasing in δ. Hence the claim.
It would be more complex to prove the second part of the claim and thus I invite the reader to inspect Fig. (7) that plots an increasing monotonic transformation of the thresholdĥ against γ. The plot associated with a low value of δ lies everywhere below the one associated with a high value of δ (first part of the claim) and that both plots are descending curves (second part of the claim). It follows that the smaller δ or the larger γ, the lower the minimum level of skills above which an individual choose a corner solution.
The Replacement time
When S = 0, it is no longer true that individuals with different levels of skills replace at the same frequency. By replacing p 0 withp Eq. (38) changes to
which says that in optimum the change in the firm's value between two replacements (left side of the equation) is to be equal to the expected output generated in T years in which the equipment is in operation minus the fixed costpa. This condition can be rearranged as
Claim 3 In the corner solution (S = 0) there is a negative relationship between T and h. Proof. Total differentiation of Eq. (17) yields the result.
As expected, process innovation does not affect the replacement time because the adopter always buys the best available quality and hence does not care about the price decline -unless his skills are in the right neighborhood ofĥ. As for the effect of an acceleration of product innovation on the T the same intuition we used for the interior solution applies -when the quality improves at a low pace it takes more time to fall behind the frontier, and consequently the firm retools at a lower frequency. Fig. (9) consolidates the results concerning the replacement time both on the interior and on the corner solution. It proposes plots similar to that contained in Fig. (8) under four combinations of parameters to account for a speeding up of both product and process innovation. Claim (1) implies that the flat section of each plot shifts down as either γ or δ increases. From Claim (2) we learned thatĥ(δ, γ) is increasing in δ and decreasing in γ; therefore the kink-point moves to the left (right) in the case of an acceleration of product (process) innovation. Finally, the position of the descending part of the plot in the B-panel is not affected by a variation in δ, whereas that in the A-panel moves to the left as γ gets larger, as stated in Claim (4) .
Summary
In what follows I summarize the main analytical result of this section.
Conclusion 5 I.A)
A faster decline of the equipment's price reduces the technological gap between individuals that differ by their level of human capital, as long as the original choice of the relatively less-skilled individual is below the frontier (S > 0); I.B) Conversely, an acceleration of product innovation widens the technological gap; II) All individuals who adopt a technology below the frontier (i.e. for all h <ĥ) retool at the same frequency (i.e. they choose the same T ); III) An acceleration of product innovation induces all individuals to retool more frequently; IV) An acceleration of process innovation does not affect the replacement time of relatively high-skilled individuals (h >ĥ) who choose a frontier technology, and induces all other individuals to retool more frequently.
Wealth and income inequality
So far I have argued that a change in the pace of either type of innovation affects the technological disparity between skilled and unskilled individuals. In this section, I push the analysis a bit further First of all, we need to determine the firm's net value. For simplicity, I focus the attention at the time when the firm is about to upgrade and assume that the interest rate is constant. In this case, the overall discounted stream of income generated by a firm run by individual j is
The expression S(h j ) can be eliminated through Eq. (15) and the firm's present value changes more conveniently to
, with x ≡ e −rT . The firm's value can be interpreted as an asset producing at each point in time income rN V t (h j ). Pick two individuals with levels of skills h s and h u , where h u < h s ≤ĥ. Their income ratio is the same as their net firms' value ratio. Letω be such a ratio, then we have
It is easy to realize that since φ(h) is an increasing function in h, the income ratio becomes smaller with an acceleration (deceleration) of process (product) innovation.
Conclusion 6
Income and wealth disparity widen (shrink) if the ratio between product and process innovation rate increases (declines).
Aggregation and balanced growth path
I am interested in describing the dynamics of an economy in which average per capita income and per capita consumption grow at a constant rate and the interest rate is constant.
Consumption and savings
Agents are identical with respect to tastes and preferences and can borrow from each other at the market rate r. Each agent is the sole recipient of the flow of output of the firm that she operates. An individual of skills h decides the flow of consumption by solving the following intertemporal optimization problem:
where c t is the flow of consumption at time t, ρ is the subjective time discount rate, θ is the inverse of the intertemporal elasticity of substitution, b t (h) is the amount bonds accumulated, andḃ t (h) is the bonds' instantaneous increment (the dot on a variable denotes the derivative with respect to time), i t (h) is investment, which is equal to zero except in occasion of retooling when it is equal to the adoption cost, and r t is the instantaneous interest rate at time t. The specification of utility function implies that the optimal condition for the growth rate of consumption is
which is the same for all individuals. The no-Ponzi scheme implies that the following intertemporal budget constraint holds:
The determination of the initial condition on consumption is not difficult. I obtain this condition, assuming that the firm is about to purchase a piece of equipment. Since I focus on a situation in which the instantaneous interest rate is constantċ t c t is also equal to a constant, denoted by γ c . Replacing the right side of Eq. (21) with Eq. (18) we obtain
and combining this equation with Eq. (20) we determine the initial condition on consumption:
Not surprisingly, the consumption ratio of two individuals with zero assets at t = 0, is the same as their income and wealth ratio. Finally, to have a smooth pattern of consumption, as required by Eq. (20), the consumer needs to borrow an amount large enough to pay for investment outlays that occur at the beginning of each T -period. If the firm starts with b 0 (h) = 0, and repays the loan during the T -period, the path of savings compatible with a constant growth rate of consumption is
Upgrading and aggregation
If all firms replace at the same time it is not possible to have a constant interest rate because all would want to borrow at the same time. One easy way to produce the desired dynamics is to assume that firms upgrade sequentially and that the group of firms that upgrades 'looks the same' with respect to the skills distribution. One must also assume to be in an interior solution, a convenient situation as the replacement time is the same for all individuals. Thus, I will describe an economy in which, at each point in time, a fraction 1/T of firms with skills h ∈ [0,ĥ] upgrade. I call f (h) the frequency distribution of firms over h, and normalize the number of firms to 1. For a given interest rate r, Eqs. (15) and (13) deliver the optimal waiting time T and the optimal 'age' of the technology S(h). Given a distribution of skills f (h), the volume of output produced by the fraction of firms that have just upgraded is
In order to calculate the overall output of the economy we need to sum the volume of output produced by firms that upgraded sometime during the past T years
By substituting S(h) with the right side of Eq. (15) and solving the integral appearing at the numerator of the ratio we get
, and where T solves Eq. (13) .
Recall that the price of a piece of equipment of age S isp exp(−δS)A. Consequently, the investment outlays in period t are
or, making use again of Eq. (15),
. Finally, the stock of capital, adjusted for quality, is the sum of the investments up to T periods ago
Balanced Growth Path
In equilibrium the total amount of output minus what is paid for investments is consumed; that is
As a result, aggregate consumption must grow at the same rate as Y and I, i.e. at rate γ. According to Eq. (20) all individuals' consumption path, regardless of their level of skills, expands at a common rate γ c ; therefore also aggregate consumption must be growing at the same rate, that is γ c = γ. Thus Eq. (20) implies that on the balanced growth path r = γθ + ρ.
Initial condition on the distribution of technologies
At time t = 0 the distribution of firms with respect to the replacement time τ must be the same as that observed on the balanced growth path at any t. A measure f (h)/T of firms with skills h will be using for τ ∈ [0, T ] periods a technology of quality A 0 e −γ(T −τ ) . This assumption generates some within group inequality; that is, firms with the same level of skills, if observed at a given point in time have different levels of output, different amounts of savings, and the owners have a different levels of consumption.
Transitional dynamics
Are there implications of the model during the transition that can be verified with macroeconomic data? I will try to answer this question by focussing on the behavior of capital and investments. Of course the theoretical model does not leave room for accumulation of physical capital, because an individual uses only one piece of equipment and there is no population growth. However, something can be said about how the behavior of the quality of capital responds to a technological shock. 16 There are a number of restrictions under which the exercise is going to be carried out. First of all, firms are uniformly distributed with respect to T , and the composition of the cohort that retools at each point in time is always the same with respect to the skills distribution. Secondly, the firms' distribution with respect to skills is Bernoulli of parameter µ (a fraction of population µ is skilled and the rest is unskilled). Finally, the pattern by which the economy gets itself from the old to the new steady state depends on how quickly firms learn about the technological shock and how they reoptimize. A detailed analysis of the firms' reaction is not explored here. I will assume that if, for instance, a technological shock changes the optimal replacement time from T to T 0 , where T 0 6 = T , the fraction of firms that retool during the transition is exactly 1/T 0 . This approximation will turn out to be quite useful in obtaining an easy-to-intepret behavior of aggregate capital during the transition.
The average quality of capital
Imagine that the economy is hit by a technological innovation that raises forever the value of the rate of price decline of capital from δ to δ 0 , where δ 0 < δ. I call old steady state the one corresponding to δ and new steady state the one associated with δ 0 . A variable with an apostrophe indicates the value of that variable in the new steady state. Fig. (10) compares the firms' distribution with respect to the replacement time in the old and new steady state. Recall that Claim (1) and Fig. (5) established that T is decreasing in δ; therefore in the new steady state the firms' uniform is taller. After the shock, at each instant a fraction 1/T 0 upgrades, so that after τ years a measure of τ/T 0 of firms will have switched. Fig. (11) gives one shot of the firms' distribution during the transitional phase.
The average quality of gross investments and the average quality of the stock of capital are
respectively. By combining Eq. (26) with Eq. (15), and assuming that skills are distributed according to a Bernoulli, we obtain 
whereQ K = Q I /A. 17 After τ years of transition the quality of capital (normalized with respect to A) is equal toQ
where w 1 and w 2 are the weights assigned to the average quality of capital purchased before and after the shock, respectively. One way to set the value of the weights is by using the measure of the firms that have replaced since the technological shock:
Consequently, the quality of capital during the transition is
It is easy to verify that if τ = 0,Q trans
The behavior of the Hulten's technological gap index (Γ)
In order to compare the transitional dynamics of this model with the existing empirical evidence it is useful to construct an index of technological gap that informs us on how far away the average quality of the new vintages is from the average quality of old vintages (see Hulten, 1992) . Let q I and q K be the average quality of gross investments and of capital, respectively. The technological gap index is given by
During the transition q I =Q 0 I and q K =Q trans K , while in the old (new) steady state the respective values areQ I (Q 0 I ) andQ K (Q 0 K ) Each of the four panels in Fig. (12) shows the behavior of Γ over time; the top two panels representing the consequences of an increase in δ, and the bottom two those resulting from a rise in γ. In the left panels (A and C) skilled and unskilled individuals move in opposite directions with respect to the technological frontier, whereas in the right panels (B and D) they move in the same direction.
In the long run an acceleration in product and process innovation yield distinctively different outcomes -one reduces while the other widens the technological gap Γ -but during the transition there is some ambiguity as to which type of innovation causes an observed pattern: both Panel (A) shows the largest value all over the postwar period and that of 'agricultural forestry and fishing' the lowest. Unfortunately, this evidence is not directly comparable with the simulations illustrated by Fig. (12) because it identifies embodied technological change by using the quality-adjusted price indices. It is well known that this methodology infers the growth of the quality of equipment from the decline of its relative price with respect to the consumption good and thus leaves no room for distinguishing between product and process innovation. Still it can be matched with the model if one thinks of a scenario in which the economy is hit by a contemporaneous acceleration of product and process innovation. An historical interpretation of this scenario could be that in the mid-70s the microelectronics revolution hit the economy; as a result the quality of the stock of equipment improved more rapidly and its price declined at a faster rate as computers spread. Fig. (13) proposes such a simulation, under parameters that induce both skilled and unskilled workers to move in the same direction with respect to the technological frontier. The plot in Fig. (13) shows that, at the beginning, the drop, due to a rise in γ, more than compensates the overshooting that would be observed if there were only a rise in δ (top panel). After a period of stability the gap picks up and ends up, in the new steady state, at a higher level relative to that of the old steady state. By inspecting Fig. (5) of Cummins and Violante [2002] a similar story can be said for each of the 5 quintiles of the technological gap distribution if one is willing to take the decade proceeding the arrival of microelectronics as the old steady state and the second half of the 1990s as the new state. The data show a more pronounced increase of Γ than that of the bottom panel in Fig. (13) : the technological gap of the bottom and top quintile of the 62 industries increases about 5 and 15 percentage points, respectively, while in the simulation it rises only by 2 percentage points. However, the experiment consisted in doubling both γ and δ; a way to fit the model better with the data would be to consider a more modest increase of δ or a larger increase in γ.
Variation of skills' supply
Neither of the two choices, T and S(h), are influenced by the composition of the workforce, because the output produced with skilled and unskilled labor are perfect substitutes. Only the average quality of investment, and hence of capital, is affected by an exogenous shock to the labor force composition. In particular, a rise in µ causes the average quality of investments to jump up immediately to the new steady state level (Q 0 I > Q I ) and produces a gradual increase in the average quality of capital.
Conclusions
Innovation is perceived to be the fundamental impulse that keeps in motion the market economy and, at the same time, the main source of social problems -income and wealth inequality perhaps being the most prominent among them. I have shown in this paper that rising inequality is not an intrinsic feature of an economy that devotes more resources to innovative activities. One needs to identify the nature of technological progress before being able to establish how it affects inequality, for there are mechanisms that work in opposite directions: a speeding up of price-cutting innovations reduces inequality while an acceleration of product innovation widens it. In an economy in which the price of equipment falls rapidly, the relatively less skilled individuals are more likely to access and use sophisticated technologies. Conversely, if the price of equipment does not decline they do not benefit from product improvements as much as skilled workers. Consequently, when technological progress takes this form, a more rapid expansion of the economy is associated with higher inequality.
My work remains abstract to permit alternative interpretations. Nevertheless, since it was motivated by technological developments that occurred over the last quarter of the century, I would like to conclude it by offering one possible historical interpretation of its main implications. Gordon [2000] claims that benefits to society attributable to the introduction of innovations since the 1970s are dwarfed when compared with the gains obtained at the beginning of the 20th century and that aggregate data seem to support this view. The US economy entered a long period of productivity slowdown in the early 1970s that lasted until the early 1990s. Endogenous R&D growth models would say that the phenomenon is compatible with a deceleration in product innovation. Admittedly many amendments have been made to these models in order to show that a scenario of sustained technological progress and no increase in total factor productivity can be reproduced. A revolutionary technology can require a long period of build up in human capital, for the existing skills become obsolete and thus the economic activity would be diverted in the accumulation of new human capital, a form of investment that largely escapes official statistics and would consequently generate a downward bias in the measurement of total factor productivity. Yet, the length of the slowdown period seems exceptionally long, and it is an open question whether or not computerization should be at the top of the list of the suspects. 18 But even if one concedes that the new products introduced in the last quarter of the 20th century are probably not as radical as those invented in the first part of the century, there are still signs of fervid innovation, the decline in the price of equipment being the most obvious one. The model presented here is consistent with the evidence that an acceleration in the cost-reducing rate does not cause any change in the overall growth rate of the economy.
Of course the cost-cutting innovations are not exclusively a modern phenomenon, 19 although they might have been more significant than in the past. Raff and Trajtenberg [1997] attempted to partition the overall quality-adjusted decline observed for automobiles between 1906 and 1940 and came to the conclusion that product innovation was 2% per year, while the price-adjusted for quality declined at a rate of about 5% per year on average over the whole period. Many recent studies indicate that the respective rates for computers are several times higher than those for cars. 20 Unfortunately it is not possible to infer from observing the commonly available aggregate price indices of durable goods whether technological progress in the last quarter of the century was driven mostly by quality improvements or process innovation. 21 In trying to match empirical evidence reported by Violante and Cummins [2002] on the growing technological gap between the quality of equipment of the latest vintage and the average quality, I found that the most likely scenario for the post 1970s period is a contemporaneous acceleration of product and process innovation, but the determination of the relative magnitude of the two types of innovation is left for future work.
where p h and p l are the prices of the two intermediate inputs produced with skilled labor and unskilled labor, respectively.
If intermediate good producers hire workers on a competitive labor market, the demand for skilled and unskilled labor is
respectively. Let ω ≡ 
where b ≡ A h A l and x ≡ H/L. If ρ, α, β, and h are held constant, the previous equation implies the following dynamic relationship
that is Eq. (4), with g z denoting the growth rate of the variable z, where z ∈ {ω, b, x}.
Appendix II Before replacement Eq. (11) and (12) 
and p 0 = φ(h) γ r(δ + γ)
The optimal age S is obtained by combining Eq. (36) with the expression for p 0 in the first constraint of problem (8) γφ ( 
Equations (35), (36) , and (37) form a three-equation system. The term V (a, A) in (37) can be eliminated through (35) :
aφ(h) (r − γ)e γT = aφ(h) r (1 − e −rT ) + e −(r−γ)T aφ(h) (r − γ)e γT − p 0 a. 
